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Abstract
I give an overview of the different contributions to the electron and muon anomalous magnetic moments in the Stan-
dard Model. Special emphasis is given to recent QED results as well as to the hadronic light-by-light scattering
contribution to the muon anomaly.
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1. Introduction
The g–factors of the leptons e, µ and τ are the dimen-
sionless parameters which relate their spin ~s to their
magnetic moments ~µl:
~µl = gl
e~
2mlc
~s . (1)
The anomalous magnetic moment al (anomaly for
short), is the correction to the Dirac value gl = 2:
gl = 2︸︷︷︸
Dirac
1 + al =
α
2π
+ · · ·︸          ︷︷          ︸
anomaly
 , l = e , µ , τ . (2)
The lowest order contribution to the anomaly in pow-
ers of the fine structure constant α, the Schwinger term
α
2π , is the same for the three leptons. Higher order con-
tributions become sensitive to the masses of the virtual
particles exchanged and obey the following pattern:
• Heavy virtual particles with M > ml decouple as
powers of m
2
l
M2 modulated by powers of log
(
M2
m2l
)
factors.
• Light virtual particles: e for l = µ , τ and e , µ for
l = τ, bring in powers of log enhancements of the
mass ratios.
• Virtual Hadronic Interactions and Electroweak In-
teractions become relevant at the present degree of
experimental accuracy.
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• Because of the relatively large value of the muon
mass, the muon anomaly with its high precision
measurement provides a sensitive probe for new
fundamental physics.
• The tau anomaly is too poorly known experimen-
tally to provide a test of the Standard Model.
2. Electron Anomaly and Fine Structure Constant
The best determination of the electron anomaly comes
from experiments by the Harvard group [1] with the re-
sult:
ae(exp.) = 1 159 652 180.73 (0.28) × 10−12 , (3)
which is a 0.24 ppb precision measurement! The Quan-
tum Electrodynamics (QED) contributions of the mass-
less class of Feynman diagrams (diagrams with vir-
tual photons only as well as with virtual photons and
fermion loops of the same flavour as the external parti-
cle, the electron in our case) have been evaluated up to
tenth order
ae(QED − massless) =
n=5∑
n=1
A(2n)1
(
α
π
)n
(4)
with the following results:
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A(2)1 = + 0.5 (5)
A(4)1 = − 0.328 478 965 579 193 · · · (6)
A(6)1 = + 1.181 241 456 · · · (7)
A(8)1 = − 1.9106 (20) (8)
A(10)1 = + 9.16 (58) . (9)
The coefficient A(2)1 was first calculated by Schwinger in
1948 [2]. Ten years later Petermann and Sommerfield,
independently, calculated A(4)1 [3, 4]. The sixth order
term A(6)1 is also known analytically thanks to the dedi-
cated work of Laporta and Remiddi [5] . The dots in
A(4)1 and A
(6)
1 indicate that these are known numbers to
any desirable accuracy. The eigth and tenth order coef-
ficients A(8)1 and A
(10)
1 have been calculated numerically
by Kinoshita and collaborators [6, 7]. The calculation
of A(10)1 in particular involves 12672 Feynman diagrams!
This is an extraordinary achievement after many years
of dedicated effort. Notice the alternative signs for the
coefficients A(2n)1 : positive for n-odd and negative for n-
even; an interesting pattern for which we have no simple
explanation.
With m
2
e
m2µ
and m
2
e
m2τ
power corrections incorporated, as
well as Hadronic Vacuum Polarization (∼ 2 × 10−12),
Hadronic Light-by-Light Scattering 1(∼ 3 × 10−14) and
Electroweak (∼ 3 × 10−14) corrections incorporated we
have at present the following theoretical prediction:
ae(SM) = 1 159 652 181.82
(6)︸︷︷︸
eighth
(4)︸︷︷︸
tenth
(2)︸︷︷︸
H−EW
(78)︸︷︷︸
α−1(Rb)
×10−12 , (10)
which has a 0.67 ppb precision. Notice that the largest
error here comes from inserting the Atomic Physics de-
termination of α [8]. One can proceed otherwise: ex-
tract the value of α from the comparison between the
predicted value of ae(SM) and the Harvard measure-
ment in Eq. 3, with the result:
α−1(ae) = 137.035 999 1736
(68)︸︷︷︸
eighth
(46)︸︷︷︸
tenth
(26)︸︷︷︸
H−EW
(331)︸︷︷︸
Harvard
) , (11)
which represents a 0.25 ppb precision measurement and
becomes at present the reference value of α for all the
other QED observables (aµ in particular).
1See the estimate discussed in ref. [9].
3. Muon Anomaly
The present experimental world average determination
of the muon anomaly is dominated by the latest BNL
experiment of the E821 collaboration [10] with the re-
sult:
aµ(E821 − BNL) = 116 592 089(54)stat(33)syst × 10−11 , (12)
which is a 0.54 ppm precision measurement.
At the level of the experimental accuracy, the QED
contributions to aµ from photons and leptons alone are
very well known. The results, due to the work of many
people 2, are summarized in Table 1 below:
Table 1: QED Contributions (Leptons)
{α−1 = 137.035 999 1736 (342) [0.25 ppb]}
Contribution Result in Powers of α
π
a
(2)
µ 0.5
(
α
π
)
a
(4)
µ (total) 0.765 857 425 (17)
(
α
π
)2
a
(6)
µ (total) 24.050 509 96 (32)
(
α
π
)3
a
(8)
µ (total) 130.879 6 (63)
(
α
π
)4
a
(10)
µ (total) 753.29 (1.04)
(
α
π
)5
aµ(QED) 116 584 718.845 (37) × 10−11
The tenth order result a(10)µ (total) in Table 1 is the one
recently published by Kinoshita et al [11]. Again this is
the result of very long impressive calculations improved
during a long period of time.
The Standard Model contributions to aµ with
the Hadronic Vacuum Polarization of lowest order
(HVP(lo)) and higher order (HVP(ho), as well as from
Hadronic Light-by-Light Scattering (HLbyL) and Elec-
troweak (EW) effects incorporated are summarized in
Table 2 below:
Table 2: Standard Model Contributions2
Contribution Result in 10−11 units
QED (leptons) 116 584 718.85± 0.04
HVP(lo)[e+e−] 6 923 ± 42
HVP(ho) −98.4 ± 0.7
HLbyL 105 ± 26
EW 153 ± 1
Total SM 116 591 801 ± 49
The persistent 3.6 σ discrepancy between the total
SM result and the experimental value in Eq. 12 deserves
2For a recent review article where earlier references can be found
see [12].
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attention. In that respect, one observes that the largest
errors in Table 2 come from the HVP and the HLbyL
contributions. The size of these errors is of special con-
cern in view of the future experiments at FNAL in the
USA and at JPARC in Japan which plan to reduce the
present experimental error from 0.54 ppm to 0.14 ppm.
We examine these contributions in the next section.
4. Hadronic Vacuum Polarization and Hadronic
Light-by-Light Scattering Contributions
The lowest order HVP contribution to the muon
anomaly, shown in Fig. 1, has a well known integral
representation in terms of the e+e− one photon annihi-
lation cross–section into hadrons σH(t), where t denotes
the total CM energy squared:
a(HVP)µ =
1
4π2
∫ ∞
4m2π
dt
∫ 1
0
dx x
2(1 − x)
x2 + t
m2µ
(1 − x)σH(t) . (13)
X
µ
Hadrons
Figure 1:
Hadronic Vacuum Polarization Contribution.
This integral is in fact dominated by the contributions
from the low-t region. Its determination has been im-
proving through the years thanks to the advent of more
and more refined measurements; the latest coming from
the BaBar and Belle facilities. The error here is likely
to be reduced in the near future.
Contrary to the HVP contribution, the Hadronic
Light–by–Light Scattering contribution (HLbyL)
shown in Fig. 2 cannot be written as an integral over
experimentally accesible observables. The calculation
from theory requires the knowledge of Quantum
Chromodynamics (QCD) contributions at all energy
scales, something which we don’t know how to do at
present except via numerical lattice QCD evaluations
which, unfortunately, are difficult to implement in this
case 3.
3There are, however, promising lattice projects under study, see
e.g. ref. [13].
X
µ + Permutations
Hadrons
Figure 2:
Hadronic Light-by-Light Scattering Contribution.
Things, however, are not as hopeless as all that. We
know some important constraints from QCD which the
hadronic models one has to resort to, to evaluate this
contribution, have to obey.
• Chiral Limit and Large–Nc limit of QCD
It is well known that the hadronic realization of
QCD in the sector of the light u , d , s quarks is
governed by the phenomena of spontaneous chiral
symmetry breaking and confinement. This implies
the existence of a Mass Gap between the pseu-
doscalar (Goldstone–like) particles and the other
hadronic particles (the ρ being the lowest one in
Nature). In the limit where this Mass Gap is con-
sidered to be large, and to leading order in the
1/Nc–expansion (Nc is the number of colours and
the expansion in question is a topological expan-
sion of phenomenological relevance), the contribu-
tion of the HLbyL scattering to the muon anomaly
is dominated by the diagrams shown in Fig. 3
where only one pion propagator appears. The lead-
pi
µ
pi
µ
pi
µ
Figure 3:
Dominant HLbyL Scattering Contribution.
ing result in this limit is known analytically [14]:
a
(HLbyL)
µ (π0) =
(α
π
)3
Nc2
m2µ
48π2 f 2π
[
log2
Mρ
mπ
+ O
(
log
Mρ
mπ
)
+ O(1)
]
. (14)
3
Notice that the leading order approximation in the
1/Nc–expansion is here necessary because it se-
lects the one–pion exchange contribution; pion
loops can only appear at the next–to–leading level.
This result is phenomenologically relevant because
it can be used as a check of Hadronic Model Cal-
culations: letting the hadronic masses of a model
become very large one must find an answer com-
patible with the analytic result in Eq. 14 when Mρ
is also taken to be large. The fact that the HLbyL
contribution in this limit is positive was crucial in
fixing the overall sign of a(HLbyL)µ [15]. Numeri-
cally, for the physical values of the constants in
Eq. 14 one finds
(α
π
)3
Nc2
m2µ
48π2 f 2π
log2
Mρ
mπ
= 95 × 10−11 , (15)
which is within the ballpark of the hadronic model
determinations. The ρ-mass, however, is too close
to the π-mass to take seriously this number which
may have large corrections from theO
(
log mρ
mπ
)
and
O(1) terms. In fact, it is in principle possible to
fix the coefficient of the O
(
log mρ
mπ
)
term. It can be
shown [16, 17] that the unknown contribution to
this coefficient is related to the π0 → e+e− decay
rate, albeit with the radiative corrections included.
The O(1) term is, however, not fixed by symmetry
restrictions which limits the use of Eq. 14 at the
level of the required accuracy.
• Short–Distance Constraint from the OPE in QCD
The constraint in question comes from a clever ob-
servation by Melnikov and Vainshtein [18]. The
three momenta k1 , k2 , k3 in the light–by–light sub-
diagram of the HLbyL scattering contribution to
the muon anomaly (see Fig 4 below) form a tri-
k
k k
q 01
2 3
q 0
k3
γ γ
γ
5H
Figure 4:
The OPE Constraint of Melnikov and Vainshtein.
angle. When k21 ≈ k
2
2 ≫ k
2
3 , and k
2
1 ≈ k
2
2 ≫ m
2
ρ
in this triangle one can apply the OPE in the two
vector currents which carry hard momenta with the
result:
∫
d4x1
∫
d4x2e−ik1·x1−ik2·x2 Jν(x1)Jρ(x2) =
2ǫνρδγ ˆkδ
ˆk2
∫
d4ze−ik3·zJγ5 (z) + O
( 1
ˆk3
)
, (16)
where jγ5 =
∑
q Q2q q¯γγγ5q is the axial current with
the different flavors weighted by squares of their
electric charges and ˆk = (k1−k2)/2 ≈ k1 ≈ −k2 . As
illustrated in Fig. 4 this OPE reduces the HLbyL
amplitude, in the special kinematics under consid-
eration, to the AVV triangle amplitude which is an
object for which we have a much better theoreti-
cal insight. This observation has interesting phe-
nomenological implications:
– At large k1,2 the Pseudoscalar (and Axial-
Vector) exchanges dominate.
– The AVV limit also implies that the
Fπ0γ∗γ∗ (k2, k2) form factor at the vertices of
Fig 3 must fall as 1/k2.
Unfortunately, the two asymptotic QCD constraints
discussed above are not sufficient for a full model inde-
pendent evaluation of a(HLbyL)µ . This explains the rela-
tively large error of ±26 × 10−11 for this contribution in
Table 2 above.
Most of the last decade calculations of a(HLbyL)µ found
in the literature 2 are compatible with the QCD chi-
ral constraints and the large–Nc limit discussed above.
They all incorporate the π0–exchange contribution mod-
ulated by π0γ∗γ∗ form factors correctly normalized to
the Adler, Bell–Jackiw point–like coupling. They dif-
fer, however, on whether or not they satisfy the particu-
lar OPE constraint discussed above, and in the shape of
the vertex form factors which follow from the different
models. In spite of the different choices of these form
factors there is, within errors, a reasonable agreement
among the final results. An exception is the calculation
reported in ref. [19] using a model inspired on a Dyson–
Schwinger approach which, however, as we shall see
contradicts generic properties which emerge from the
Constituent Chiral Quark Model which we next discuss.
5. The Constituent Chiral Quark Model
I have recently emphasized the need of a simple refe-
rence model to evaluate the various hadronic contribu-
tions to aµ within the same framework, and use it as
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a yardstick to compare with the more detailed evalua-
tions in the literature. The reference model which we
have proposed [20] is based on the Constituent Chiral
Quark Model (CχQM) of Manohar and Georgi [21] in
the presence of S U(3)L × S U(3)R external sources. It
is an effective field theory which incorporates the inter-
actions of the Nambu–Goldstone modes (the low–lying
pseudoscalars) of the spontaneously broken chiral sym-
metry, to lowest order in the chiral expansion and in the
presence of chirally rotated quark fields which have be-
come massive. As emphasized by Weinberg [22] the
effective Lagrangian in question is renormalizable in
the Large–Nc limit and, as shown in [23], the num-
ber of the required counterterms is minimized for the
choice gA = 1 of the axial coupling of the constituent
quarks to the pseudoscalars. The model has its limita-
tions but, as discussed in ref. [23], there is an excep-
tional class of low–energy observables for which the
predictions of the CχQM can be rather reliable. This is
the case when the leading short–distance behaviour of
the underlying Green’s function of a given observable
is governed by perturbative QCD. The contributions to
the muon anomaly from Hadronic Vacuum Polarization,
from the Hadronic Light–by–Light Scattering and from
the Hadronic Zγγ vertex ( provided that gA = 1) fall in
this class.
Figure 5 below shows the prediction of the CχQM
for the HVP contribution to the muon anomaly as a
function of the constituent quark mass MQ which, with
gA = 1, is the only free parameter. The curve (a) in
150 200 250 300 350 400
200
400
600
800
1000
1200
1400
MQ HMeVL
a Μ
HHVPL
´1010 (a) (b) (c)
Figure 5:
The HVP Contribution in the CχQM.
Fig. 5 is the contribution using the spectral function of
the CχQM; curve (b) the same contribution as in curve
(a) but with gluonic corrections included and curve (c)
the same contribution as in curve (b) but with 1/Nc sub-
leading π+π− and K+K− contributions incorporated as
predicted in the CχQM. The comparison between this
prediction and the phenomenological determination of
a
(HVP)
µ shows that fixing MQ in the range
MQ = (240 ± 10) MeV , (17)
reproduces the phenomenological determination within
an error of less than 10%. This error, however, only
reflects the phenomenological choice that we have made
to fix MQ, it does not include the systematic error of
the CχQM itself. As shown in ref. [20], with MQ fixed
in this range, the higher order HVP contributions, as
well as the electroweak Hadronic Zγγ contribution are
reproduced rather well with the CχQM.
When examining the HLbyL scattering contribution
to the muon anomaly in the CχQM, one finds that
there are two competing contributions: one is the π0–
exchange diagrams in Fig. 6 where the circles there are
constituent quark loops, the other one the irreducible
constituent quark loop in Fig. 7.
pi
µ
pi
µ
pi
µ
Figure 6:
The π0–Exchange Contribution in the CχQM.
+ Perm.
µ
q1q2q3
Figure 7:
The Quark Loop Contribution in the CχQM.
An interesting feature which emerges from the calcula-
tion is the balance between the Goldstone Contribution
and the Quark Loop Contribution. Indeed, as the con-
stituent quark mass MQ gets larger and larger, the Gold-
stone Contribution dominates: asymptotically, for large
MQ values it behaves (as expected) like
a
(HLbyL)
µ (GC) =
(
α
π
)3
Nc2
m2µ
48π2 f 2π
×
[
log2
MQ
mπ
+ O
(
log
MQ
mπ
)]
, (18)
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while for MQ smaller and smaller it is the Constituent
Quark Loop Contribution which dominates: asymptoti-
cally, for small MQ values (though still with MQ > mµ)
it behaves like
a
HLbyL
µ (CQL) =
(
α
π
)3
Nc

∑
q=u,d,s
Q4q
×

[
3
2
ζ(3) − 19
16
]
m2µ
M2Q
+ O
 m
4
µ
M4Q
log2
m2µ
M2Q

 . (19)
These features are illustrated by the plot of the total
a
(HLbyL)
µ (CχQM) versus MQ shown in Fig. 8. In fact
the plot also shows that the value of a(HLbyL)µ (CχQM) is
quite stable for a rather large choice of reasonable MQ
values.
200 250 300 350 400
140
150
160
170
180
190
MQ in MeV
aΜ
HHLbyLL
HCΧQML ´ 1011
Figure 8:
The HLbyL Contribution in the CχQM.
The CχQM result contradicts what is reported in
ref. [19] where the equivalent contribution to the con-
stituent quark loop is found to be: (136 ± 59) × 10−11
i.e. much larger than the contribution found by the same
authors for the π0–exchange: (81 ± 12) × 10−11 which,
within errors, is compatible with other phenomenologi-
cal determinations. This casts serious doubts about the
compatibility of the model used in ref. [19] (or perhaps
of their calculation 4) with basic QCD features encoded
in the CχQM.
We conclude that, in the absence of more refined cal-
culations, the number quoted in Table 2 for the light–
by–light scattering contribution to the muon anomaly
still represents a valid estimate. In fact, there is a recent
4After the completion of this mini review, there has appeared a
new version of this model in the archives [24] with a smaller result for
the quark loop contribution: (96±2)×10−11 . Notice that the error here
does not include the systematic error of the model and the calculation
is claimed to be incomplete as yet.
independent analysis in ref. [25] which confirms that es-
timate.
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